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Free differential algebras (FDA’s) [1–4] (for reviews see for ex. [5, 6]) provide a conve-
nient algebraic setting for field theories with antisymmetric tensors. They generalize the
Cartan-Maurer equations satisfied by the 1-form vielbeins on a group manifold G by in-
cluding p-form fields, and have been extensively used in the construction of (super)gravity
theories. Given a FDA, there is a well-defined procedure to obtain a lagrangian for a field
theory containing the p-forms of the FDA as fundamental fields.
Their dual formulation, based on the algebra of Lie derivatives on the “FDA man-
ifold”, has been studied in refs. [7–9], and uses an extended Lie derivative along these
antisymmetric tensors.
In the present paper we show that the resulting algebra of Lie derivatives is nonasso-
ciative, and that the nonassociativity is controlled by the same Chevalley-Eilenberg coho-
mology that classifies FDA’s. In fact, our interest in studying the nonassociativity of FDA
dual algebras has been prompted by a recent paper [10], where flux backgrounds in closed
string theory are described by nonassociative structures in double phase space, controlled
again by Chevalley-Eilenberg cohomology (for a very partial list of references see for ex-
ample [11–14]). Since flux backgrounds involve p-forms, it seems that algebraic structures
describing p-forms tend to exhibit nonassociativity, depending on nontrivial cohomology
classes, both for flux backgrounds and in FDA’s dual algebras. A clue for a possible rela-
tion is given in the example i) (see below), where the nonassociative algebra of the R-flux
model in [10, 11] is identified with a particular FDA dual algebra.
Free differential algebras. Consider the case of ordinary Cartan-Maurer one-forms σA
supplemented by a single p-form Bi in a representation Dij of G:
dσA +
1
2
CABC σ
BσC = 0 (1)
dBi + CiAjσ
ABj +
1
(p+ 1)!
CiA1...Ap+1σ
A1 . . . σAp+1
≡ ∇Bi +
1
(p+ 1)!
CiA1...Ap+1σ
A1 . . . σAp+1 = 0 (2)
Products between forms are understood to be exterior products. Taking the exterior deriva-
tive of the left-hand sides of (1), (2) and requiring d2 = 0 translates into a set of conditions
for the structure constants:
CAB[CC
B
DE] = 0 (3)
CiAjC
j
Bk − C
i
BjC
j
Ak = C
C
ABC
i
Ck (4)
2 Ci[A1jC
j
A2...Ap+2]
− (p+ 1)CiB[A1...ApC
B
Ap+1Ap+2]
= 0 (5)
Eqs. (3) are the usual Jacobi identities for the Lie algebra G. Eq. (4) implies that (CA)
i
j ≡
CiAj is a matrix representation of G, while eq. (5) states that C
i
≡ CiA1...Ap+1σ
A1 . . . σAp+1
is a (p + 1)-cocycle, i.e. ∇Ci = 0. Clearly Ci differing by covariantly exact pieces Φi
(∇Φi = 0) lead to equivalent FDA’s via the redefinition Bi → Bi + Φi. Thus nontrivial
FDA extensions of the Lie algebra are classified by nontrivial cohomology classes of the
covariant derivative ∇, i.e. by Chevalley cohomology.
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As an example we recall the FDA of D=11 supergravity [1]:
dωab − ωacωcb = 0 [= Rab]
dV a − ωabV b −
i
2
ψ¯Γaψ = 0 [= Ra]
dψ −
1
4
ωabΓabψ = 0 [= ρ]
dA−
1
2
ψ¯ΓabψV aV b = 0 [= R(A)] (6)
(all index contractions with the D = 11 Minkowski metric). The D=11 Fierz identity
ψ¯Γabψψ¯Γaψ = 0 ensures the FDA closure (d2 = 0). Its Lie algebra part is the D=11 super-
Poincare´ algebra, whose fundamental fields (corresponding to the Lie algebra generators
Pa, Jab, Q) are the vielbein V
a, the spin connection ωab and the gravitino ψ. The 3-form A
is in the identity representation of the Lie algebra, and thus no i-indices are needed. The
structure constants CiA1...Ap+1 of (2) are in the present case given by C αβab = −12(CΓab)αβ
(no upper index i), while the CiAj vanish. This FDA extension exists thanks to the nontriv-
ial 4-cocycle ψ¯ΓabψV aV b. The curvatures Rab, Ra, ρ and R(A) (i.e. the right-hand sides of
the FDA equations, nonvanishing for general field configurations outside the vacuum1) are
respectively the Lorentz curvature, the torsion, the gravitino field strength and the 3-form
field strength. The lagrangian of d = 11 supergravity can be written as a 11-form, made
out of exterior products of fields and curvatures, and is therefore by construction invari-
ant under diffeomorphisms. Infinitesimal diffeomorphisms are generated by Lie derivatives
along all the soft group manifold directions, and comprehend all the invariances of the
theory. This is essentially the core of the group geometric method developed many years
ago [5, 6, 15–18].
Extended Lie derivatives. Consider the Lie derivatives ℓεAtA along a generic tangent
vector εAtA, where the tA are a basis of tangent vectors on G dual to the left invariant
one-forms σA. By means of the FDA equations and the Cartan formula
ℓεAtA = iεAtAd+ d iεAtA (7)
one finds their action on the FDA forms:
ℓεBtBσ
A = d(iεBtBσ
A) + iεBtBdσ
A
= dεA − CABCε
BσC (8)
ℓεBtBB
i = d(iεBtBB
i) + iεBtBdB
i
= −CiBjε
BBj −
1
p!
CiBA1...Apε
BσA1 . . . σAp (9)
Note: the action of the contraction itB on the “cotangent FDA basis” σ
A, Bi is given by
itBσ
A = δAB, itBB
i = 0 (10)
1In this case we speak of a “soft FDA manifold.”
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Computing the commutator of two Lie derivatives on σA and Bi yields [7–9]:[
ℓεA
1
tA
, ℓεB
2
tB
]
= ℓ[εA1 ∂AεC2 −εA2 ∂AεC1 +εA1 εB2 CCAB]tC
+
1
(p− 1)!
ℓ
εA
1
εB
2
Ci
ABA1...Ap−1
σA1 ...σ
Ap−1ti
(11)
where the second line involves an extended Lie derivative defined as follows [7].
First introduce a new contraction operator iεjtj , acting on a generic form ω =
ωi1...inA1...AmB
i1 . . . BinσA1 . . . σAm as
iεjtjω = n ε
jωji2...inA1...AmB
i2 . . . BinσA1 . . . σAm (12)
where εj is a (p -1)-form. This operator still maps p-forms into (p−1)-forms. We can also
define the contraction itj , mapping n-forms into (n− p)-forms, by setting
iεjtj = ε
jitj (13)
In particular
itjB
i = δij , itjσ
A = 0 (14)
so that tj can be seen as the “tangent vector” dual to B
j .
Note that iεjtj vanishes on forms that do not contain at least one factor B
i. Then the
extended Lie derivative is defined by:
ℓεiti ≡ iεitid+ d iεiti (15)
It commutes with d, satisfies the Leibniz rule, and can be verified to act on the fundamental
fields as
ℓεjtjσ
A = 0 (16)
ℓεjtjB
i = dεi + CiAjσ
Aεj (17)
by using the FDA equations (1), (2). For example if the parameter (p − 1)-form is given
by σA1 . . . σAp−1 :
ℓ
σA1 ...σ
Ap−1tj
Bi = d(σA1 . . . σAp−1) + CiAjσ
AσA1 . . . σAp−1 =
= −
(
p− 1
2
C
[A1
B0B1
δ
A2...Ap−1]
B2...Bp−1
δij − C
i
B0j
δ
A1...Ap−1
B1...Bp−1
)
σB0 . . . σBp−1 (18)
Using (16) and (17) and the Jacobi identities (3)–(5) it is straightforward to compute the
commutators between ordinary and extended Lie derivatives, and between extended Lie
derivatives: [
ℓεAtA , ℓεjtj
]
= ℓ[ℓ
εAtA
εk+Ck
Bj
εBεj ]tk
(19)[
ℓεi
1
ti
, ℓ
ε
j
2
tj
]
= 0 (20)
According to eq. (11) the commutator of two ordinary Lie derivatives contains an extra
piece proportional to an extended Lie derivative, that acts nontrivially only on the p-form
Bi. Then, if computed on σA, the commutator in (11) closes on the usual Lie algebra.
Only its action on Bi reveals the extra term involving the extended Lie derivative.
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The FDA dual algebra. By taking constant ε parameters (and nonvanishing only for
given directions) the commutations (11), (19) and (20) become:
[ℓtA , ℓtB ] = C
C
ABℓtC +
1
(p− 1)!
CiABA1...Ap−1 ℓσA1 ...σAp−1ti
(21)
[ℓtA , ℓσB1 ...σBp−1ti ] = [C
k
Aiδ
B1...Bp−1
C1...Cp−1
−(p−1)C
[B1
AC1
δ
B2...Bp−1]
C2...Cp−1
δki ]ℓσC1 ...σCp−1tk
(22)
[ℓ
σA1 ...σ
Ap−1ti
, ℓ
σB1 ...σ
Bp−1tj
] = 0 (23)
This algebra can be considered the dual of the FDA system given in (1), (2), and extends
the G Lie algebra of ordinary Lie derivatives along the tA tangent vectors of the G group
manifold. Notice the essential presence of the (p − 1)-form σA1 . . . σAp−1 in front of the
“tangent vectors” ti.
As a concrete example, in the case of D = 11 supergravity the algebra (21)–(23) is
given in ref. [8], and contains the supertranslation algebra with central charges discussed
for ex. in refs. [19–21].
In the following we use the simplified notations
TA ≡ ℓtA , T
A1...Ap−1
i ≡ ℓσA1 ...σAp−1ti
(24)
Nonassociativity. The dual algebra of a FDA is in general nonassociative. Indeed com-
puting the Jacobiator of three (usual) Lie derivatives, and using the expressions (21), (22)
for the commutators, yields:
JABC ≡ [[TA, TB], TC ] + cyclic in ABC =
=
1
(p− 1)!
((p− 1)CiEA2...Ap−1[ABC
E
C]A1
− C
j
A1A2...Ap−1[AB
CiC]j)T
A1...Ap−1
i (25)
which is nonvanishing in general2 (it is not proportional to the left-hand side of the Jacobi
identities (5)). This is the main result of the present paper. Since Lie derivatives generate
infinitesimal diffeomorphisms, and these are the symmetries of the theory based on the
FDA, it follows that the FDA symmetries close a nonassociative algebra.
It is worthwhile to check this result in the FDA D = 11 supergravity example, contain-
ing a 3-form A in the identity representation of G = superPoincare´ group in 11 dimensions.
Computing for example the Jacobiator (25) for two supersymmetry transformations gen-
erated by the charges Qα and Qβ and a Lorentz rotation generated by Mab yields
Jαβ[ab] = ηc[a(CΓb]d)αβT
cd (26)
with T cd ≡ ℓV cV dt. This Jacobiator does not vanish when applied to the 3-form A, since
T cdA = ℓV cV dtA = d(V
cV d).
In the following we consider three other examples of nonassociative algebras originating
from the dual formulation of FDA’s.
2The nonassociativity of the dual algebra (21)–(23) was not recognized in refs. [7–9].
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Examples.
i) p = 2 and B in a 1-dimensional representation (with a single-valued index i = •).
Then the dual FDA algebra is
[TA, TB] = C
C
ABTC + C
•
ABCT
C
•
(27)
[TA, T
B
•
] = −CBACT
C
•
+ C•A•T
B
•
(28)
[TA
•
, TB
•
] = 0 (29)
with a corresponding Jacobiator
JABC = 3(C
•
D[ABC
D
C]E − C
•
E[ABC
•
C]•)T
E
•
(30)
Naming the generators as
TA = (xa, x˜a, q), T
B
•
= (pb, p˜a, q′) (31)
and taking as values of the structure constants
Cbqa = δ
b
a, C
b˜
qa˜ = δ
b˜
a˜, C
•
abc = Rabc, C
•
q• = 3 (32)
(all other structure constants vanishing, the indices a˜ labeling the x˜ or p˜ directions,
the index q labeling the q or the q′ direction) we find that the algebra (27)–(29)
contains as a subalgebra the algebra of the R-flux model (see [10], p. 10):
[xa, xb] = l
3
sRabcp
c, [xa, p
b] = i~δba q
′, [pa, pb] = 0 (33)
[x˜a, x˜b] = 0, [x˜a, p˜
b] = i~δba q
′, [p˜a, p˜b] = 0 (34)
where we have rescaled the generators as xa → lSx
a, pb → 1
lS
pb (same for x˜a and p˜
b)
and q′ → i~q′. The charge q′ is central in this subalgebra, and therefore can play the
role of the identity. The other nonvanishing commutators involving the extra charge
q are
[q, xa] = xa, [q, p
b] = 2pb, [q, x˜a] = x˜a, [q, p˜
b] = 2p˜b, [q, q′] = 3q′ (35)
Note that q′ cannot be seen as identity in the whole algebra since it does not commute
with q.
Computing the Jacobiator (30) for three generators xa, xb, xc we find it to be propor-
tional to ~l3sRabc, as given in [10].
The FDA equations corresponding to the structure constants given in (32) are:
dσa +Qσa = 0 (36)
dσ˜a +Qσ˜a = 0 (37)
dQ = 0 (38)
dB• + 3QB• + C•abcσ
aσbσc = 0 (39)
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where σa and σ˜a are 1-forms dual respectively to the coordinates xa and their doubles
x˜a, Q is a one-form U(1) gauge field dual to the charge q, and B is the 2-form in a
1-dimensional U(1) representation (with a 1-dimensional index i = •). It is easy to
verify that d2 = 0 (the only nontrivial case being d2 on B•), thus proving that the
structure constants (32) indeed satisfy generalized Jacobi identities.
The choice of a 2-form in the FDA’s allows to identify the momenta pb and p˜b as part
of the “new” generators TA
•
.
ii) B: p-form in the identity representation.
[TA, TB] = C
C
ABTC +
1
(p− 1)!
C ABC1...Cp−1T
C1...Cp−1 (40)
[TA, T
B1...Bp−1 ] = −(p− 1)C
[B1
ACT
CB2...Bp−1] (41)
[TA1...Ap−1 , TB1...Bp−1 ] = 0 (42)
JABC =
1
(p− 2)!
C A1...Ap−1[ABC
A1
C]DT
DA2...Ap−1 (43)
iii) B: 3-form in a generic G representation:
[TA, TB] = C
C
ABTC +
1
2
CiABA1A2T
A1A2
i (44)
[TA, T
B1B2
i ] = C
k
AiT
B1B2
k + 2C
[B1
ACT
B2]C
i (45)
[TA1A2i , T
B1B2
j ] = 0 (46)
JABC = −
(
CiEA1[ABC
E
C]A2
+
1
2
C
j
A1A2[AB
CiC]j
)
TA1A2i (47)
The observation in i) on the identification of an extended R-flux model algebra with
a dual FDA algebra is in fact only a very preliminary step towards understanding and
exploiting a possible connection between dual FDA algebras and the (double) geometry of
flux backgrounds in closed string theory.
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